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Abstract: In this study, a modification of variational iteration
method is applied to solve nonlinear fractional integro-differential
equations. The fractional derivative is considered in the Caputo
sense. The approximate solutions are calculated in the form of a
convergent series with easily computable components. Through
examples, we will see the modified method performs extremely
effective in terms of efficiency and simplicity to solve nonlinear
fractional integro-differential equations.
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1. Introduction

In recent years, it has turned out that many phenomena in
physics, engineering, chemistry, and other sciences can be
described very successfully by models using mathematical
tool from fractional calculus, such as, frequency dependent
damping behavior of materials, diffusion processes, motion
of a large thin plate in a Newtonian fluid creeping and
relaxation functions for viscoelastic materials. etc. In
addition to use of fractional differentiation for the
mathematical modeling of real world physical problems has
been widespread in recent years, e.g. the modeling of
earthquake, the fluid dynamic traffic model with fractional
derivatives, measurement of viscoelastic material properties,
etc.

Most fractional differential equations do not have exact
analytic solutions. There are only a few techniques for the
solution of fractional integro-differential equations. Three of
them are the Adomian decomposition method [1], the
collocation method [2], and the fractional differential
transform method [3]. The variational iteration method was
proposed by he [4-10] and has found a wide application for
the solution of linear and nonlinear differential equations, for
example, linear fractional integro-differential equations[4],
nonlinear wave equations [5], Fokker—Planck equation [6],
Helmholtz equation [7], klein-Gordon equations [8], integro-
differential equations [9], and space and time-fractional KdV
equation [10].

In the study presented, fractional differentiation and
integration are understood in Caputo sense because of its
applicability to real world physical problems. We will set a
new modified variational iteration method to solve nonlinear
fractional integro-differential equations. It will show the
modification of the method is a useful and simplify tool to
solve nonlinear fractional integro-differential equations as
used in other fields.

2. Basic Definitions

In this section, let us recall essentials of fractional
calculus first. The fractional calculus is a name for the theory
of integrals and derivatives of arbitrary order, which unifies
and generalizes the notions of integer-order differentiation
and n-fold integration. We have well known definitions of a
fractional derivative of order o« >0 such as Riemann—
Liouville, Grunwald-Letnikow, Caputo and Generalized
Functions Approach [11,12]. The most commonly used
definitions are the Riemann-Liouville and Caputo. For the
purpose of this paper the Caputo’s definition of fractional
differentiation will be used, taking the advantage of Caputo’s
approach that the initial conditions for fractional differential
equations with Caputo’s derivatives take on the traditional
form as for integer-order differential equations. We give
some basic definitions and properties of the fractional
calculus theory which were used through paper.

Definition 2.1. A real function f(x),x >0, is said to be in
the space C,, <R if there exists a real number (p> x),
such that f(x)=x"f,(x), where f,(x) e C[0,c), and it said
to be in the space C iff " eC,,meN.

Definition 2.2. The Riemann-Liouville fractional integral
operator of ordere>0, of a function feC , u>-1is

defined as
X

JVE(X) = %j(x—t)” f(t)dt, v>0,

0
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J°F(x) = f(x).
It has the following properties:
For feC,,u>-La,f>0 and y>1:

13907 §(x) = 3“7 (),
23737 (x)= 373 F (x),

1"(7/+1) @
INCET 2
The Riemann-Liouville fractional derivative is mostly used
by mathematicians but this approach is not suitable for the
physical problems of the real world since it requires the
definition of fractional order initial conditions, which have
no physically meaningful explanation yet. Caputo introduced
an alternative definition, which has the advantage of defining
integer order initial conditions for fractional order
differential equations.

3.JX =

Definition 2.3. The fractional derivative of f(x) in the
Caputo sense is defined as

D! f(x)=J"'D" f (x) = j(x )™ £ ™ (t)dt,

(

for m-1<v<m, meN, x>0, f eCTl.

Lemma2.1.If
then
DIJ*f(x) = f(x),

m-l<a<m meNandf eC],u>-1

m-1 k
39DV (X) = f(x)—ka(O*)%, x>0.
k=0 -

The Caputo fractional derivative is considered here because
it allows traditional initial and boundary conditions to be
included in the formulation of the problem.

Definition 2.4. For m to be the smallest integer that
exceeds « , the Caputo time-fractional derivative operator of
order « >0 is defined as

DEU(X, 1) = aau(xt)
m-a 1a U(X é)
—F(m—a)-!( =& Tdéj form-1l<a<m,
—am“(:’t), fora=meN
ot

and the space-fractional derivative operator of order 8> 0 is
defined as
o’u(x,t)

Diu(x,t) = o

;J(x— mpa O u(i t)d9 form-1< B<m,
r(m-4); a6
o™u(x,t)

, for S=meN.
ox™ P

3. Modification of the Variational Iteration

Method

Concerning the
equation of the type

general fractional integro-differential

Dy()—f[ty .iksy j @)

where D“ is the derivative of y(t) in the sense of Caputo,

and n—1<a<n (neN), subject to the initial condition

y(0)=c.

According to the variational iteration method (VIM), we can
construct the following correction functional

Yo (D) =Y, (O +17F (1) (2)

where F(t)=/{nyn(t)—f(t,yn,jk(S,yn)dSJdt}, Ya(t)
0

is the nth approximation, and 1“

is Riemann-Liouville's fractional integrate.

The lagrenge multiplier can not easy identified through (2),

so approximation of the corrrection functional can be
expressed as follows

d t
o) = yn(t)m{ (1) [t 3 (1), k(5. ) J}dt. @)

Then the Lagrange multiplier can be easily determined by the
variational theory in (3).

A is a general Lagrange multiplier
multipliers

[13]. Lagrange

A=1 for n=1.

Substituting the identified Lagrange multiplier into (2) result
in the following iteration procedures

yn+1(t):yn(t)|a{Dayn(t)f[tyyn(t ,Ik s,y,)d J} (n=012,..).

4. Numerical Experiment

In this section, we apply VIM to solve a nonlinear fractional
integro-differential equations. All the results are calculated
by using the symbolic computation software Maple.



International Journal of Computer Science & Emerging Technologies (E-ISSN: 2044-6004) 20

Volume 2, Issue 1, February 2011

Example

Consider the following system of nonlinear fractional
integral-differential equations, with initial values

(n1)o (O) = va (nz)o (O) = Nz :

t

Dfnl(t)=n1[K1—;/ln2— I f(t—s)nz(s)ds} K,>0, 0<a<],

t-T,

t
D;’nz(t)—nz[—Kz—yznl— _[ f(t—s)nl(s)ds], K,>0.

t-To

To solve this system by VIM, let us consider;

(N).e (0 = (), @ +1° {4 D (n)),© - 9 [(n), O] ]}

(D) (1) = (0,), (0 + 1 {2 DX (1,), ) - 9 [ (), ] ]}

where

g[(nl)n (t)]znl[Kl_%nz_ j f(t—S)n2 (S)ds}

g[(nZ)n (t):l = nz{Kz 7l j f (t—S)nl(S)dS],

t-Ty
(n), (t) and (n,),(t) are nthapproximation.
We start with

(nl)o (0) = Nl’ (nz)o (0) = Nz )

by the variational iteration formula, we have

n() =N, + N[ K= 75N, =N (L-e ™)t Nk

1 1 F(a +l) F(2a+1)’
n,(t) =N, + No[ Ko = 7Ny - N A—e ™) [t K

) 2 [(a+1) F(2a+1)'

When « =1, then we have

n () =N, + N, [ K, =7,N, =N, (1-e ™) Jt+0.5N,Kt’,
N, (1) = N, + N, [ K, =7,N, =N, (1-e @) ]t + 05N, K t?,

which is the same solution given by Biazar [14].

5. Conclusion

In this paper, we applied the modified variational iteration
method for solving the nonlinear fractional integro-

differential equations. Comparison with other traditional
methods, the simplicity of the method and the obtained exact
results show that the modified variational iteration method is
a powerful mathematical tool for solving nonlinear fractional
integro-differential equations. The method was used in a
direct way without using linearization, perturbation or
restrictive assumptions. It may be concluded that the method
is very powerful and efficient in finding analytical as well as
numericalsolutions for wide classes of nonlinear fractional
integro-differential equations. It provides more realistic
series solutions that converge very rapidly in real physical
problems.
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